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RESUME

Nous étudions les systémes des équations d’Euler qui résultent de dynamiques d’alignement
entre agents. Il a été prouvé que, pour des solutions réguliéres de tels systémes,
en temps grand, le champ de vitesse s’approche d'une vitesse limite uniforme. Nous
identifions des seuils critiques dans I'espace de phase de la configuration initiale qui
caractérisent la régularité globale et donc le comportement en temps grand de tels
systémes bidimensionnels. Plus précisément, nous prouvons que, pour une classe assez
large de conditions initiales sous-critiques telles que la divergence initiale n’est «pas trop
négative » et I'écart spectral initial n’est «pas trop grand», la régularité globale reste vraie
en temps grand.
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1. Flocking hydrodynamics

We consider the system of Eulerian dynamics where the density p(x,t) and velocity field u(x,t) = (uq,...uy) : R" x
R4 +— R" are driven by nonlocal alignment forcing,

pr+V-(puw)=0,

* 1) €R" x Ry (11)
u+u. Vu= / a(x, y. O (y, D) — u(x, 0)p(y. Hdy

A solution (p,u) is sought subject to the compactly supported initial density p(x,0) = po(x) € LL(R”) and uniformly
bounded initial velocity u(x,0) = ug(x) € W1 (R"). The alignment forcing on the right-hand side of (1.1) involves the
non-negative interaction kernel a(x, y, t).

Such systems arise as the macroscopic realization of some agent-based dynamics that describes the collective motion of
N agents, each of which adjusts its velocity to a weighted average of velocities of its neighbors

5(,' =V;
1
~ deg;

(1.2)

N

Db (xi — XD (vj — i)
j=1

Here, the weighted average of the right-hand side of (1.2) is dictated by the influence function ¢(-), which is assumed
to be decreasing, and deg; is a weighting normalization factor. Different agent-based models employ different deg;’s,
e.g., [3]. We focus here on two such models. The Cucker-Smale (CS) model [7] sets a uniform averaging deg; = N that
leads to the symmetric interaction kernel a(x,y) = ¢(|x — y|). The Motsch-Tadmor (MT) model [20] uses an adaptive
¢(x—yD
(@*p)x, 1)
ized such that [a(x,y,t)p(y,t)dy = 1. The dynamics of (1.2) can be described in terms of the empirical distribution
fx,v,t) = %Z] Sx—x;(t) ® Sv—v;(r)- For large crowds of N agents, N> 1, a limiting distribution of the approximate form
fx,v,t)~ p(x,t)6(v—u(x,t)) is captured by the first two velocity moments, namely the density p := (f(x,v,t)) and the
momentum pu := (vf(x,V,t)), which satisfy the conservative system [2,5,11,19]

P+ V-(puw)=0

\

normalization deg; = qub(lxi — x;j]), which leads to a(x, y,t) = . The kernel is non-symmetric, but normal-

(pu); + V( u@u)—M (x— yDy,t) —ux, 0)px, )p(y,t)d e
10 t /O _(¢*p)(x,t) y y7 ) 10 ) on’ y

Here a/(x,t) is the amplitude of alignment, o (x,t) = (¢ * p)(x,t) in the case of the CS model, and a(x,t) =1 in the MT
model. When classical solutions to these equations are restricted to the support of p(-,t), one ends with the equivalent
system (1.1) with a(x, y,t) = a(x, )¢ (|x — y|) /(¢ * p) (X, t), namely
pr+V-(puw)=0,

akb)

(@ x p)(x,t)
Since the alignment forcing on the right-hand side is non-local, dictated by the support of ¢, it acts even within the vacuum
region, where dist{x, supp{p(-,t)}} > 0, and (1.4) extends throughout R". We elaborate on this issue in §1.3 below.

We note that the dynamics of both models can be interpreted in terms of the mean velocity u(x, t)
_ox (o)

(@ x p)(x,t)
This formulation reveals that system (1.4) (and in its general form (1.1)) is dynamically aligned towards the mean u(x, t), and
its large-time behavior is expected to approach a constant limiting velocity. This is the flocking hydrodynamics alluded to

in the title, where a finite-size of non-vacuum state is approaching a limiting velocity as t — oo. Specifically, the dynamics
can be characterized in terms of the diameters

(14)

u+u-Vu /¢(|x—y|)(U(y,t)—U(x, H)p(y,t)dy.

U +u- Va=o(x, ) (Ux, ) —u,t)), ux,t): (1.5)

D() := sup [x = yl, V()= sup lu(x, t) —u(y, o).
x,yesupp{p(-,t)} x,yesupp{p(-,t)}

The system (1.1) converges to a flock if there exists a finite D such that
sup D(t) < Do, and V(t) =5 0. (16)
t>0

This corresponds to the flocking behavior at the level of the agent-based description [11], [20, definition 1.1], where a
cohesive flock of a finite diameter max; ; |x;(t) —x;(t)| < Doy < 00, is approaching a limiting velocity, max; ; |v;(t) —v;(t)| —
0 as t— oo.
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1.1. Strong solutions must flock

In this work, we focus on the case where ¢ is global. Since the agent-based model (1.2) exhibits flocking behavior in this
case, [21], it is natural to expect a similar result for its macroscopic description (1.4). This is the content of the following
theorem.

Theorem 1.1 (Strong solutions must flock [27]). Let (p(-,t),u(-, 1)) € (L® N L) x W1 be a global strong solution of the system
(1.4) subject to a compactly supported initial density po = p(-,0) > 0 and a bounded initial velocity ug = u(-, 0) € W1, Assume
that a monotonically decreasing influence function ¢ < ¢(0) = 1 is global in the sense that?

o0
Vo <m0/¢(r)dr, mo := | pol1, (1.7)

Do

where Dg and V¢ are the initial diameters of non-vacuum density and velocity. Then (o, u) converges to a flock at an exponential rate,
namely the support of p(-, t) remains within a finite diameter D », whose existence follows from assumption (1.7)

supD(t) < Do, where my / ¢(s)ds = Vo, (1.8a)
>0
> Do

and

Mopoo, CS model,

6. MTmodel, P =?De) (1.8b)

V() < Voe ¥t — 0, K= {
In particular, if |¢|1 = oo, then there is an unconditional flocking in the sense that (1.8) holds for all finite V.

For the sake of completeness, we provide below an alternative derivation of the exponential alignment in (1.8), as an a
priori bound instead of the “propagation along characteristics” argument in [27, Theorem 2.1]. To this end, we extend the
scalar argument in [25, Lemma 1.1] to general systems using a projection argument employed in [21, Theorem 2.3]. Fix an
arbitrary w € R" and project the CS model (1.4) on w to find

(009 ux, 0. w) = [ 30—y (00 0.w) — (.0, w))p(y. 0.

It follows that uy (t) := max  (u(x,t), w) satisfies
xesupp{p(-.0)}

e = [ 90 =y (tutv.0.w) — (wixs. 0.w))p(3. 0ty
< ,min k=D [ ((0.0.m) - wixe.0.w) (v, 0dy
x,yesupp p(-.t)

Similarly, we have the lower bound on u_(t) := min  (u(x,t), w)
xesupp{p(-,0)}

d >
—Uu_
de X, yesupp{

¢(|X—J/|)f (uy,t), w) — (u(x_, ), w)),o(y tydy
D)

The difference of the last two inequalities implies
d .
—up () —u_()] < —=¢p(Doo)mplus(t) —u—_(t)|,  ¢(Do) = min ¢ (|x—y.
dt x,yesupp{p(-0)}
It follows that the CS velocity diameter, V (t) = sup |u4(t) — u_(t)|, satisfies the bound (1.8b) with k¥ = mp¢.. The same

|w|=1
argument follows for MT model with k¥ = ¢, independently of mg.

2 We let |- |p denote the usual LP norm.
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1.2. Critical thresholds

Theorem 1.1 raises the problem whether solutions to the hydrodynamic model (1.4) remain smooth for all time. This
question was addressed in [4,27], proving that if the compactly supported initial data stay below a certain critical threshold
in configuration space then initial smoothness propagates and, as a result, the corresponding strong solutions will flock.
Recall the finite-time blow-up of compactly supported density in the presence of local pressure [17,23] and even in the
presence of global Poisson forcing [18]. In both cases, a positive lower bound on the (potential of the) forcing—the pressure,
the Poisson forcing, etc., over the finite supp{o(-, t)} leads to finite-time blow up. In contrast, here the non-local character of
the influence function ¢ guarantees global regularity, at least for sub-critical initial data. This type of conditional regularity
for Eulerian dynamics depending on a critical threshold in the configuration space was advocated in a series of papers [9,12,
14-16,28]. Here, we pursue this approach to derive sharp critical thresholds for the propagation of the regularity of flocking
hydrodynamics.

1.3. Vacuum and the finite horizon alignment

o0
According to (1.7), if the influence function is global in the sense that [ ¢(r)dr = oo, then the alignment dynamics
(1.4) admits unconditional flocking in the sense that (1.8) holds for all Vg’s. This holds for both the symmetric CS model

and non-symmetric MT model [21, proposition 2.9]. In this case, the alignment in (1.4) is active throughout R", inside and
outside supp{o(-,t)}. Indeed, one has a global lower bound on the alignment action for all x € R" [27, proposition 6.1],

(¢ * p)(x,8) = mog (d(x,t) + Doo) > 0, d(x, t) = dist{x, supp{p(-, D}}

The flocking behavior of such a global approach was pursued in [27].

Another possible approach to study (1.4) is to focus on a specific initial configuration with finite velocity variation
Vo < oo. Then, since supp{p(-, t)} cannot grow beyond a maximal diameter of size D, dictated by (1.8a), it follows that the
alignment term on the right of the underlying conservative formulation (1.3) is

o(x—yD@y,t) —ukx, t)px, t)p(y,t) =0, X = y| > Do,

independently of the values of {¢(r), r > D}. Alternatively, we can fix a compactly support influence function ¢ and view
(1.8a) as a restriction on initial velocities whose variation is “not too large”, so that they lead to flocking. With either one of
these two points of view, the values of ¢ (r) for r > Dy, play no role in the dynamics. We therefore may set ¢ (r);;~p,, =0,
which in turn sets a finite horizon on the action of alignment. Namely, the alignment in (1.4) is still active in the vacuous
annulus outside supp{p(-,t)},

A(t) := {x | 0 < dist{x, supp{p (-, 1)}} < Do},
and (1.4) applies in supp{p(-,t)} U A(t),
pr+V-(pu)=0,

ax, t)/¢(|X_y|)(u(y)—u(x))p(y)dy
pxp

However, since ¢ (|x — y|)p(y) is supported for y’s in the intersection y € Yx(t) := supp{po(-, t)} N Bp_ (x), it implies the
alignment bound

dist{x, supp{p(-,t)}} < Do. (1.9a)

u+u-Vu=

f¢>(|x —yhuy,t) —ulx, 0)p(y,t) dy‘ =VO® 1o Do X / ¢(x—yhdy.
YyeYx(t)

It follows that the alignment on the right of (1.9a) approaches zero, as x € A(t) approaches the “horizon” boundary
dist{x, supp{p (-, t)}} = Do and vol(Yx(t)) — 0. In particular, (¢ * p)(x, t) =0 beyond the horizon dist{x, supp{o(-,t)}} > D,
where the momentum equation is reduced to inviscid pressureless equations, u; +u-Vu = 0. Accordingly, (1.9a) can be com-
plemented with constant far-field boundary conditions, in agreement with [27, Remarks 2.8 & 6.6],

u(x,t) =uy, for dist{x, supp{p(:,t)}} > Doo. (1.9b)
2. Cucker-Smale hydrodynamics: global regularity and fast alignment

2.1. Global regularity

We begin by recalling the one-dimensional Cucker-Smale model for (o, u): R, R;) — (R4, R),
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Pt + (pu)y =0
e + Uty = / p(x—yhy,H) —ux O)p(y,ndy & DERRY. 1)

In [4], it was proved that (2.1) has a global classical solution if and only if the initial data satisfy

Oxlo(X) > —(¢ * po)(x), forallx e R. (2.2)

Condition (2.2) separates the space of initial configurations into two distinct regimes: a sub-critical regime of initial data
satisfying dxup(x) > —¢ * po(x), Vx € supp(po), which guarantees global smooth solutions; and a supercritical regime of
initial conditions such that dxug(xp) < —¢ * po(xo) for some xg € R, which leads to a finite-time blowup. This is a typical
one-dimensional example for the critical threshold behavior. Condition (2.2) provides a sharp improvement to the earlier
critical threshold results in [13,22,27]. Recent results in [8,24] prove the global regularity of (2.1) for singular kernels ¢ (|x|) =
||~ 4% for o € (0, 2) independent of any finite critical threshold. Singularity helps!

A first attempt to extend the study of critical threshold to the two-dimensional CS model was derived in [27]. Here, we
improve this result with a simplified derivation of a sharper critical threshold condition, leading to an alignment decay of
order e, We recall (1.8b), which sets k¥ =mg¢pn in the present case of the CS model.

Theorem 2.1 (Critical threshold for 2D Cucker-Smale hydrodynamics). Consider the two-dimensional CS model
pr+ V- (pu)=
xeR% t>0, (2.3)
u+u-Vu= / ¢(x—yDu(y,t) —ux, t)p(y, Hdy

subject to initial conditions, (0o, Wg) € (L (R?%), W1-2°(R2)), with compactly supported density, Do < oo, and such that the variation
of the initial velocity satisfies the strengthened bound

49’ |oo X, yesupp(po)
Assume that the following critical threshold condition holds.

2
Vosmo~min{|¢>|1, S ] Vo= max |ug(X) —ug(¥))|, ¢oo=0¢(Dco). (2.4)

(i) The initial velocity divergence satisfies

divag(x) > —¢ * po(x) forall xe R?. (2.5)

(ii) Let S = %{(Bjui + 0ju )} denote the symmetric part of the velocity gradient with eigenvalues j1; = (1;(S). Then the initial spectral
gap 1s, := 12(So) — m1(So) is bounded

1
max [115, (0| < Smodec, M5 = 12(SK 1) = 1 (SX, ). (2.6)

Then the class of such sub-critical initial conditions (2.5), (2.6) admits a classical solution (p(-, t), u(-, t)) € C(R*; L% N L (R?)) x

C(R+; W1-2°(R2)) with large-time hydrodynamics flocking behavior (1.8b), max lu(x, t) —u(y, 0] Se ™ .
X,yesupp(p(-,t))

Before turning to the proof of Theorem 2.1, we comment on its assumptions.

Remark 2.1 (On the critical threshold (2.5), (2.6)). Theorem 2.1 recovers the one-dimensional critical threshold (2.2). It amplifies
the same theme of critical threshold required for global regularity of other two-dimensional Eulerian dynamics found in
restricted Euler-Poisson equations [15], rotational Euler equations [16], etc., namely if the initial divergence is “not too
negative”, as in (2.5), and the initial spectral gap is “not too large”, as in (2.6), then global regularity persists for all times.
In particular, since 15 = /(11 — du2)? + (d1uz + d,u1)2, we find that both (2.5), (2.6) hold if

1
[0jui(x, 0)] < —=MpPeo.

42

Remark 2.2 (On the finite variation (2.4)). Observe that (2.4) places a restriction on the size of Vg even in the case of
unconditional flocking, |¢|; = co. Specifically, recall that Vg dictates the maximal diameter of the flock in (1.8a), and thus
(2.4) amounts to

2
/ psyds< 2P (Do) (2.7)

= 4maxs<p, |¢'(5)|’
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Since the term on the left is increasing while the term on the right is decreasing as functions of D, it follows that (2.7) is

satisfied for diameters Do, up to some maximal finite size, which means that the condition made in (2.4) is met for finite
Doo

Vo=mg [¢(s)ds depending on the influence function ¢. This finite restriction on Vo can probably be improved but, unlike

in the one-dimensional case, it cannot be completely removed. In fact, since Vo < (u2(So) + o) Do, the bound sought in
(2.4) places a purely two-dimensional restriction on the size of the initial vorticity.

Remark 2.3 (On the finite horizon). Observe that in the case of alignment with a finite horizon, the critical threshold (2.5)
requires that divug(x) > 0 for dist{x, supp{po}} > D. This is precisely the critical threshold condition that rules out finite
time blow-up in the pressureless equations [26], which is satisfied when prescribing a far-field constant velocity (1.9b). In
this case, the critical threshold (2.5) needs to be verified within the finite horizon dist{x, supp{po}} < Doo.

Proof. Our purpose is to show that the derivatives {d;u;} are uniformly bounded. We proceed in four steps.
Step #1: the dynamics of divu+ ¢ * p. Differentiation of (1.1) implies that the 2 x 2 velocity gradient matrix, M;; := dju;,
satisfies
Mt+ll-VM+M2=—(¢*,O)M+R, Rij :=0j¢ * (pu;) — ujdjd * p. (2.8)

The entries of the residual matrix {R;;} can be bounded by the commutator estimate [27, proposition 4.1] in terms of
V()= sup |ui(x,t) —ui(y,t)] < Voe ™,
supp(p)

IRij| = /8j¢(|x — YD Wiy, t) — uix, D) p(y, Hdy| <1¢lomoVoe ™, Kk =modoo.
Rn
The first step is to bound the divergence: taking the trace of (2.8), we find that d := V - u satisfies
di +u-Vd+TrM? = —(¢ % p)d + TrR.

Expressed in terms of the material derivative along particle path, X' := (8; +u- V)X, we have d' +TrM? = —(¢ % p)d+TrR.
We now make a key observation that TrR is in fact an exact derivative along the particle path. Indeed, as in [4] we invoke
the mass equation,

TrR=¢*V-(pu) —u-Vox p=—(@*p)—u-Voxp=—(¢*p),

and we end up with

(d+¢ x p) +TrM? = —(¢ * p)d. (2.9)
5 d? + 77%,, . . . .
To proceed, we express Tr M“ = ——— in terms of the spectral gap, ny := A2(M) — A1 (M), associated with the eigenvalues
of M,
, 1, 1
d+¢*p) :—inM—id(d—i—Zqﬁ*p). (2.10)

We need to follow the dynamics of the spectral gap nu. To this end, one may try to use the spectral dynamics associated
with M, [14]: by (2.8) the A;’s satisfy

MAA=—(p*p)hi+ (i, Ry,  i=1,2,

where {¢;,r;} are the left- and right-hand-side eigenvectors associated with 1;, normalized such that (¢;, r;) = 1. Taking the
difference of these two equations shows that the spectral gap 1y = A2 — A1, satisfies the transport equation

Ny + (d+ ¢ x p)nm = (€2, Rr2) — (€1, Rry).

Here one faces the difficulty that arises with the term on the right, namely, even with the control of the entries {R;;},
we may still encounter an ill-conditioned M with [£;] - |rj] > 1 so that the magnitude of this term is left unchecked. To
circumvent this difficulty, we proceed along the lines argued in [26]: we split M into its symmetric and antisymmetric parts
M =S+ and use the identity’

3 Equating the trace of M? with that of $? + Q? + SQ + QS we find TrM? =Tr $? — 2w?. Using TrX? = (d? +n2) with X =M on the left and X =§
on the right implies (2.11).
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ny=n:—40’, M=S5+Q, Q::(g _O“’>, (211)

where o is the scaled vorticity* o = %(Bluz — dpuq). Expressed in terms of 7s, the trace dynamics (2.10) now reads

N U R N |
(d+¢*p) = 5(460 —n5) — 5d(d+2¢>*p).
This calls for the introduction of the new “natural” variable e =d + ¢ * p, satisfying
1
=2 ((¢*p)2+4a)2 _" —e2>. (2.12)

Our purpose is to show that {x | e(x, t) > 0} is invariant region of the dynamics (2.12).
Step #2: bounding the spectral gap 7s. Consider the dynamics of the symmetric part of (2.8)

/ 2 2 1 T
"+ S8 =wlaxz — (¢ * p)S + Rsym, Rsymzz(R‘i‘R ).
The spectral dynamics of its eigenvalues, w2(S) > 1(S), is governed by

Wi+ uf =w? — (@ * p)i + (i, Reymsi) (213)

driven by the orthonormal eigenpair {s1, s} of the symmetric S. Taking the difference, we find that ns := u2(S) — 11(S) >0
satisfies

nst+ens=q, e=d+¢xp. (2.14)
This is the same dynamics found with 5y, except that the different residual on the right-hand side of (2.14), given by

q:= <52» Rsym52> - <51 ) Rsym51>,
is now controlled by the size of {R;;}: since s; are normalized,

19¢. O <2max [Rjj (. 0)] < 2|¢loomoVoe ™, Kk =Moo (215)
Hence, as long as e(-, t) remains positive then ns remain uniformly bounded

/
1500, < max s, 0] +2/5 1

1
Vo < max{ns(x, 0)] + §m0¢oo < Modoo (2.16)

o0

The first inequality on the right-hand side follows from the integration of (2.14)-(2.15); the second follows from the
Vo-bound in (2.4) and the third from the assumed bound on 75, in (2.6).

Step #3: the invariance of e(-,t) > 0 . We return to (2.12): expressed in terms of c(x,t) :=./(¢ * p)2 — n%, we have

e > % (cz(x, t)—ez), c(x,t)=1/(¢*p)2 —ni. (2.17)

Observe that c(-) is well defined in R: the upper bound (2.16) and the lowerbound ¢ % p > mp¢o imply that as long as
e > 0, the right term on the right of (2.17) remains boundedly positive

c(x, t) > \/m5¢§o — max N2 (X, t) > Cmin > 0.

Since ¢’ > %(cﬁ]m —e?) = %(cmm —e)(Cmin + ), it follows that e is increasing whenever e € (—Cpmjn, Cmin) and in particular,
if eg > 0 then e(x, t) remains positive at later times. Thus, if the initial data are sub-critical in the sense that (2.5) holds

eo = divug(x) + ¢ * po(x) > 0,

then e(:, t) > 0 and ns(-, t) remains bounded.
Step #4: an upper-bound of e(-,t). The lower-bound e > 0 implies that the vorticity is bounded. Indeed, the anti-
symmetric part of (2.8) yields that the vorticity w = %Tr JM satisfies

1 0 -1
/ J—— J—
w+ew_2Tr]R, ]_<] 0 ) (2.18)

4 The use of such scaling simplifies the computation below.
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hence
1 _

Ia)l/f—ela)|+§|tJI, q(-. )] <2|¢'|omoVoe ™", Kk =Mopoo, (219)

and we end up with same upper bound on w as with s,
1

lw(x, t)| < Wmax, Wmax = m)?x |wol + §m0¢oo~ (2.20)

Returning to (2.12), we have (recall ¢ <1)
1 1

e < 5((¢> * 0)% + 4w — e2) < z(m% + 42 — ez),
which implies that e(x, t) < emax < 0o. The uniform bound on e implies that divu is uniformly bounded, |divu| < |e|s +
|¢ * Ploo < €max + Mo, and, together with the bound on the spectral gap (2.16), it follows that the symmetric part {S;;} is

bounded. Finally, together with the vorticity bound (2.20), it follows that {d;u;} are uniformly bounded, which completes
the proof. O

Remark 2.4. Observe that the region of sub-critical configuration leading to global regularity becomes larger for |wo| > 1,
in agreement with the statements made in [6,16] that rotation prevents or at least delays finite-time blow-up. Specifi-

cally, if |wo(-)| = wmin > 0, then one can set a larger lower barrier ¢ = \/(¢ * )2 +4w§1in — ng in (2.17) leading to the
improved threshold divug > —¢ % pg — wmin. In particular, if @ is large enough so that 4w? — n% > 0, that is if M has
complex-valued eigenvalues, then the invariance of the positivity of e follows at once from the fact that (2.12) is dominated
by e > %(((ﬁ % p)% — ez). As in the 2D restricted Euler-Poisson equations [15], the difficulty lies within the case of real

eigenvalues.

Remark 2.5. The proof of Theorem 2.1 reveals two main aspects. First, the commutator structure of the alignment term on
the right of (2.3);, expressed as [¢*, u](p), leads to the ‘residual terms’ R;; with exponentially decaying bound. The role
of the commutator structure was highlighted in our recent work [24]. Second, of spectral dynamics [12,14,15] are used to
trace the propagation of regularity for the remaining, non-residual terms in (2.8).

2.2. Fast alignment

We extend the one-dimensional arguments of [24] that show an exponentially rapid convergence towards a flocking state,
consisting of a constant 2-vector velocity @ € R? and a traveling density profile 5(x,t) = pso(x — ti1). We only indicate the
main aspects in the passage to the present system. We start by noting that the positivity of e implies more than the mere
boundedness of the spectral gap ns and the vorticity w. Indeed, (2.14) and (2.19) imply that these quantities follow the
exponential decay of q in (2.15)

N5 ¢, Dloo + @, Do S e .

This shows that, modulo rapidly decaying error terms E(t) of order E(t) < e !, equation (2.12), which governs e, takes the
form

1
ef+u~Ve=§(h2—e2)+E(t), hi= g %

Moreover, convolving the mass equation with ¢, we find

ht+u-Vh=/V¢(|X—YI)-(“(X7 H—u(y,t)p(y, Hdy. (2.21)

Observe that the quantity on the right of rapidly decaying, being upper-bounded by < |¢’|oV (t) < e %!, Hence, the differ-
ence d =e — h satisfies

1
de+u-Vd= —E(e—i-h)d—i— E(t).

The positivity of e + h then implies the rapid decay of the divergence, |divu(-, )]s < e, The exponential decay of the

divergence, the vorticity and the spectral gap imply that |9;u;(-,t)|ec < e . Let @ be a large-time limiting value of u(-, t).
The mass equation reads

pr+u-Vp=—dp+ (u—u)-Vp.

The term on the right is rapidly decaying because d and (u — u) are, and one concludes along the lines of [25], that there
exists a traveling density profile such that p(x, t) — poo(x — tu) — 0.
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3. Motsch-Tadmor hydrodynamics

In this section, we study the flocking hydrodynamics that arises from the MT model (1.5) with k¥ = ¢oo. We begin by
recalling the one-dimensional case
prt+(pu)x=0,  (x,0) € R, Ry)
¢Ux—yD (3.1)
urtulx= | ———————=(u(y,t) —ux,t)p(y, Hdy.
) @xp@xn

System (3.1) was recently studied in [1], as the hydrodynamic description for agent-based model of “emotional contagion”,
and in [10] in the context of stable swarming. In [4], it was proved that (3.1) has a global classical solution for sub-critical
initial data such that

oxg(x) > —o (Vo) forall x e R, (3.2)

for a certain critical curve o, > 0. We now make a precise statement of the critical threshold for both the one- and
two-dimensional MT model.

Theorem 3.1 (Critical threshold for 2D Motsch-Tadmor hydrodynamics). Consider the two-dimensional MT model in (x, t) € (R%, R),

pr+V-(puw)=0,
By 63)
(p*p)(x, 1)’

subject to initial conditions (g, g) € (L1, W1-°(R?)), with compactly supported density, Dy < oo and initial velocity of finite vari-
ation

ut+U-Vu:fa(x,y,t)(U(y,t)—U(x, H)p(y,t)ydy, ax,y,t) =

o2,
4 |oo (1 + 2600)

Assume that the following critical threshold condition holds.

} v Poo =9 (D). (34)

Vo<mg- min{ld’h,

(i) The initial velocity divergence satisfies
divug(x) > —1 forall xe R?. (3.5)
(ii) Then the initial spectral gap ns, := (2(So) — (41(So) is bounded

1
max [ns, ()| < 5, 15 = pa(S&, D) = 1 (SK, D). (3.6)

Then the class of such sub-critical initial conditions (3.5), (3.6) give rise to a classical solution (p(t),u(t) € C(Rt; L®(R2)) x

C(R+: W1-°°(R?2)) with large-time hydrodynamics flocking behavior (1.8b) ma)i ) lu(x, t) —u(y, t)| S e .
xesupp(p

Remark 3.1. In the case of finite horizon alignment encoded in (1.9) with o = ¢ * p, the critical thresholds (3.5), (3.6) can
be restricted to the finite set dist{x, supp{0o}}.

Proof. As before, we trace the dynamics of M = d;u;,

M¢+u-VM+M?*=—M+R, (3.7)
where the entries of the residual matrix {R;;} are given by
d(x—yl)
Rii(x,t) := dialx, y,t)(ui(y, t) —ui(x, t ,Hdy, alx,y,t) = —————
ij(x, t) / jax, y, t)ui(y,t) ix, )py,Hdy %, ¥, @ *p)(x D)

yeR?

Expressed in terms of the operator A(w) := fya(x,y,t)w(y)dy, the entries of R have the commutator structure R;j =
dj[A, uil(p) which can be estimated by the commutator bound [27, proposition 7.1] in terms of V() = supsypp(,) [Ui(x, t) —

ui(y, 0l

Voe ™", K = ¢oo-

IRij(x. O] = (9,14, uil(p)] = |(Z,|°° "

o0

We now proceed as before. As a first step, we follow the dynamics of the d = divu: taking the trace of (3.7), we find
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|9 l0c

o0

1
d’+§(d2+n§)=w2—d+f7 r:=TrR <2 Vo. (3.8)

This calls for the introduction of a new variable e :=d + 1, where the last equation recast into the Ricaccti’s form
1
e’zi(l—n§+2r—e2)+a)2. (3.9)
Our purpose is to show that the {x | e(x,t) > 0} is invariant of the dynamics (3.9) and to this end we need to bound the
spectral gap ns.

The second step is to follow the spectral dynamics associated with the symmetric part of (3.7)

Wi(S) + pZ (S) = @* — pi(S) + (si, Reymsi)-

Taking the difference and recalling that s; are the normalized eigenvectors of S we find the dynamics of the spectral gap,

/
ns+ens=q, |ql <2max|R;(x,t)] <2 197l Voe ™. (3.10)
o0
It follows that as long as e(-, t) is positive, then
6|00 1
s (x, O] < max|[ns, ()| +2 py Vo<, (3.11)
o0

and therefore c:=,/1— n% + 2r has the lower bound c(x, t) > cpin > 0, where

9] 0o '] 00 2
meInso(X)l+(2¢ +4¢—)V0§1—C <1

2 min
00 00

This inequality follows from the assumed bounds on Vy in (3.4) and on the initial spectral gap (3.6), and the bound of r in
(3.8). As a final step, we return to (3.9) to find, &’ > %(cfmn — e?), which guarantees that if the critical threshold (3.5) holds,
i.e. if eg > 0, then e(x,t) > 0 at a later time. Moreover, since e(-,t) > 0, the vorticity equation, @’ + ew = %Tr]R, shows
that |w(-, t)| remains bounded in terms of maxy [R;j(x, t)| < rmax < co. The transport equation (3.9) implies

1 22\ 1.3 2 2
e’§§<1+2r+2a) —e)55(5+2wmax—e>,

and a uniform upper bound of e(-, t) < emax < oo follows. O

Remark 3.2. In the one-dimensional case, s = w =0 and the dynamics of e=d+ 1 in (3.9) simplifies into ¢’ = %(1 +2r —
e?). Hence, the variation bound (3.4) can be related to
. 1
Vo< momm{|¢|1 , —qb/;.o}
419’00
so that 1+ 2r > cpin > 0 and €' > %(cmm — e?) implies global smoothness under the critical threshold condition dxug(x) >
—1.

Remark 3.3. One can follow the argument in section 2.2 to conclude that the same rapid alignment holds for MT model.
Indeed, the MT model enhances the convergence rate towards a limiting flocking state.
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